Trigonometric Identities and Equations Vidyamandir Classes

TRIGNOMETRIC SERIES IN WHICH ANGLES ARE IN A.P. Section - 5
5.1 TYPE-1

Problems based on finding the sum of series of sines or cosines whose angles are in A.P.

Following two results are very useful in solving such problems.

np

sin
Result | : sinot + sin (o0 + B) + sin (0 + 2B) + .......... +sin(+ n—1p) = 2 -Sin[OH(n—l)%]

B

sin —
2

n

sin
Result Il : cosa + cos (o + B) + cos (o0 + 2B) + .......... + cos (o, + EB)= 2 -cos[oc+(n—1)ﬁ]

sinE s
2

Proof for Result | :

Let S = sina. + sin (o + B) + sin (00 + 2B) + ..... + sin (o + 71 —1 )

Here angles are in A.P. and common difference of angles = B

Note : In a series of sine and cosine whenever angles are in A.P. and power of sine and cosine is one then we multiply

Common difference of angles

each term by 2sin( j, then express each term as a difference of two terms and add.

2
So, multiplying both sides by 2sin%, we get :
S.2sin 5= 2sin osin 5 + 2sin (o0 + P) - sin 5 + e+ 2sin (o + n—1P) sin 5 )
Now, first term of above R.H.S. can be written as 2sino. - sin% = cos(oc - %) - cos(oc + gj

B B 3B

Similarly, the second term R.H.S. can be written as 2sin(o. + B) sinE = cos(oc + Ej —Cos (OL + 7)

and also the last term of R.H.S. can be written as 2sin(o.+n—1p)- sin% = cos[oc +(2n— 3)%} —cos [oc +(2n— l)%}

Now, adding above all terms, we get R.H.S. of (1) as cos(oc - gj —Cos {oc +(2n— l)%} .
From (1), we get : Sm’LB
2sinE-S=2sin 0L+(n—1)E -sinn—B = S = 2 -sin|:01+(n—l)E}
2 2 2 sinE 2
2

Students are advised to prove the result — 2 themselves.
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W The value of expression cos 2mw 7T + cos 4w /T + cos 67 /7 is :

-1

1
5 (B) ey (© 0 (D) 1

(A)

SOLUTION : (B)

. T 21 an 67
2sin —| cos— 4+ coS—— + COS ——
7 7 7 7

2sinE
7 o T
1 .3t . m . 5n . 3m . In . 5¢m s Sln7 1
= sin— —sin— |+| sin— —sin— |+ | sin——-sin— || = —— _ _ =
. T 7 7 7 7 7 7 . T 2
2s1n; 251n7

Alternative Method :

We can also use the relation :

cosa+cos(a+d)+....cos (a+n—1d)= sinnd/2 [2‘1"‘”—107

) J [where d is common difference of AP ]

COS
sind /2
sin3(2n/7j 4“+2(2"j
- 2 cos 7 7
. 2n/7 2
SN ——
. 3n AT T 3n) . (m 4=n T . (-T o
. g COS| ——— |sS;m| ——— COS— SIn in—
sm7 Cos7 _ (2 7) (2 7)_ 14 (14j___151n7___1
= T . T - s 2 .o
s — s — s — sin —
7 7 7 7

5.2 TYPE-2

If angles are in A.P. and sum of the first and the last angles is 7 or ©/2. Then we will use the following working rule
and power of sine and cosine may or may not be one.

Working Rule :

If angles are in A.P. and sum of the first and last angles is 7/2 or &t etc., then group equidistant terms from both ends,
express last angle in terms of the first in each group and simplify.

Illustration - 24 /4 3z Sm .
- The value of expression : cos? 3 + cos® rl + cos® = + cos® 5 is

1 3 1
(A) > (B) > © 2
SOLUTION : (B)

(D) 1

cos* X+ cos? In +| cos* Ko +cos? o
8 8 8 8

= COS4 E + COS4 (TE - Ej + COS4 3—TC + COS4 (TI: - 3_7'[)
8 8 8 8
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43TC

T
2cos? g +2cos

Vidyamandir Classes

[As cos(t—0) =—cos 0]
b8 2 3n 2
1+cos— 14 cos—
2 —4 + —4
L 2 2
1 1+l+1+l =E
20 2 21 2

5.3 TYPE-3

If angles are in G.P. having common ratio 2 or 1/2, terms of sine or cosine are in power one and in product.

lllustrating the Concepts :

Prove that : cos A cos 2A cos 4A cos 8A ...... cos 2" 1A sin(2" A)
2" sin A
Multiply above and below by 2" sin A
2"—1
LHS. = [2 sin A cos A cos 2A cos 4A .... cos 2"~ 1 A]
2" sin A
2” - 2
= [2 sin 2A cos 2A cos 4A ..... cos 2"~ 1 A]
2" sin A
27!—3
= [2 sin 4A cos 4A .... cos 2"~ 1 A]
2" sin A
! 1 1
= [2sin2" 7" Acos 2" " A]
2" sin A
1 in (2" A
=— sin(2. 2014y = SN pyg
2" sin A 2" sin A
W The value of expression cos 20° cos 40° cos 60° cos 80° is :
(A) 1/8 (B) 1/4 ©) 1/16 D) None of these
SOLUTION : (C)
In given expression : cos 60° =% and n=3

by using Type 3, we get :

LHS. = 1
2

= PR
27 sin 20

R
16  sin 20°

i sin 20° _i
16 { sin 20° 16

-sin 160°

} sin (2° - 20°)

—— -sin (180 — 20°)
16 sin 20°
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WIEIEUBIEREY The value of expression sin 10° sin 30° sin 50° sin 70° is :
1/4

(A) 1/8 B) 1/16 ©

SOLUTION : (B)

By complementry rule
sin 6 = cos (90 — 0)

3/4

The given expression reduces to cos 20° cos 40° cos 60° cos 80°

which is same as above illustration.

54 TYPE-4

not T/2 or T etc. then

If angles are in A.P., terms in sine or cosine having power one, and in product and sum of the first and last angles is

Working Rule :
(i) Change the last angle using formula for & — 6 etc.
(ii) rearrange the terms in ascending order of angles.

(iii) group the terms in two parts: One part consisting of terms having angles in G.P. and the other part consisting

of remaining terms.

(iv) Simplify

dlichpronides The value of expression :

1

Aa 1 (B) Bl (®))

SOLUTION : (C)
21 4 6T

Let y = COS$ == -COS —+COos —
7 7 7

21 4T B
COS—-COS— - COS| T — —
7 7 7

T 2n 47
= —COS—-COS— - COS— -
7 7
[Here there is only one group consisting of terms
having angles in G.P. So, we multiply both sides by

2 sin /7 and simplify].
. T . T T 2n 4w
2ysin—=—| 2sin— cosS— | cOS—CcOS—
7 7 7

. T . 2n 2n 4m
= 2ys1n7=—sm—cos—c057

2r 'y .
COS—COS— - COS— 1S .
7 7 7

1
8

. T . 2n 2n 47
4ysin—=—| 2sin— cos—- |- cos—
7 7 7 7

[Multiplying both side by 2]
4m

. T . 4w
4ysin—=—sin— cos—
7 7

. T . 4m 4r
8ysin—=—2sin— - cos—
7 7 7

[Multiplying both side by 2]
LT . 8 . B
8ysin—=—sin—=—sin| T+ —
7 7 7

8ysin£—+sinE = y—l
7 8
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IITESSEUBINEY The value of expression is sin® 12° + sin? 21° + sin? 39° + sin® 48° — sin® 9° — sin® 18° is :
(A) 1 (B) 0 ©) -1 (D) None

SOLUTION : (A)
sin? 12° + sin® 21° + sin® 39° + sin® 48° — sin® 9° — sin> 18°
sin? 12° + sin? 21° + (sin® 39° — sin® 9°) + (sin> 48° — sin” 18°)
Multiplying and divide by 2,
1 [2sin? 12° + 2 sin? 21° + 2 (sin? 39° — sin® 9°) + 2 (sin” 48° — sin> 18°)]
By using 2 sin® 8 = 1 — cos2 0 and sin® 8 — sin® ¢ = sin (0 + ¢) - sin (6 — ¢)

= [1-cos24° + 1 —cos 42° + 2 sin 48° sin 30° + 2 sin 66° sin 30°] = 1

N | =

. 1 . .
As sin 30° = 5 and by complementary rule sin 66° = cos 24°; sin 48° = cos 42°.

W EUCIRREY  The value of expression : sin 6° sin 42° sin 66° sin 78° is :

3 1 1 1
(A) 1 (B) 1 © 16 (D) Py
SOLUTION : (C)
Note that (66 + 6)/2 = 36 and (66 — 6)/2 = 30. Hence sin 6° and sin 66° should be combined.
= 1/4 [2 sin 6° sin 66°] [2 sin 42° sin 78°]
= 1/4 [cos (6° — 66°) — cos (6° + 66°)] [cos (42° —78°) — cos (42° + 78°)]
= 1/4 [cos 60° — cos 72°] [cos 36° — cos 120°]

Substituting the values, we get :

_ 1(L@J(ﬁ+1+gj _ l(z-ﬁﬂJ(ﬁHMJ

42 4 4 2] 4l 4 4

6i4(3—\/§)(3+d§)=%=R.H.s.

WIECEELUREELY The value of expression : sin 20° sin 40° sin 80° is :

1 1 1 V3
N B - 0 = ) —
(A) 3 (B) 1 ©) 16 (D) 3
SOLUTION : (D)
Consider sin 20°sin 40° sin 80°

= sin 20°sin (60°— 20°) sin (60°+ 20°)

= lsin 3(20°) = lsin 60° = ﬁ
4 4 8
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lllustration - 314 r

The value of expression :  sin— sin— sin5—ﬂ- sin7—” is:
4147 14 14

1 1 1 1
A < B) - 0 = D) =
(A) 3 (B) 1 © ) (D) 16
SOLUTION : (A)
. . T .[n 67 6m 8n 8n
(i) sin— =sin| — —— |=cos — =cos| T — — |=—cos—
14 2 14 14 14 14
. . (T 47
sin— =sin| ——— | =cos—
2 4 14
T 2n 27
sin~—=sin| = === |=cos—
2 14 14
LHS. = cos—cos—cosg—7t
B 4 14
1 3
=-7 sin (27 A) [where A=—1]
27 sin A
= - ! sin8—n= 1 nsin(n+£)=—l(—1)=l [sin (Tt + 6) = — sin 0]
8 sin ~ 8 sin ~ 78 8

The value of expression : | I+ cosZ || 1+ cos3—” 1+ cos7—” 1+ cosg—ﬂ- is:
10 10 10

10
1 V3
©c — D) —

1
(A) (B) 1 16 2

1
8
SOLUTION : (C)

By supplementary rule : cos (t — A) = —cos A

= 1+cos1 1+cos3—n 1—(:053—7t l—cos£
LHS.= 10 10 10 10

= l—coszi 1—cos23—n=sin218°sin254°= @-\E-’-l
10 10 4

4

~
S

Il

> =

Illustration - 33 SEyRpwY of expression : cos 60° cos 36° cos 42° cos 78°is :
i e
8

1
(B) n © 1 (D)

1
(a3
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SOLUTION : (C)

Consider L.H.S. :

1
-——— - —-(2cos 42° cos 78° =—\/§+1 cos 120° + cos 36°
2 "4 2 ( ) 16( ) ( )

= %(\/g+l)£—l+\/§+lJ = %(\/5+1)-‘6_1=i.5_1=i.

2 4 4 16 4 16

lllustration - 34 0 "
For a positive integer n, let f, (0) = tanE (1+sec@)(1+sec260)(1+ sec46)...(1+ sec2”6). Then :

T

@) fz(gjﬂ ®) f3(%j=1 © f"(éj:] = f5(%j=1

SOLUTION : (ABCD)

an©

. . 2 . .
We have (tangj (14 secd) = 50 0/2) [1 1 }_ sin (8/2) 2cos” (6/2) _ 2sin (9/2)cos (0/2) _ sinf _

cos (0/2) cos®| cos 0/2) cos 0 cos0 cos 0

Thus, f,(8)= [tang) (1+secB) (1+sec20) (1+sec4h)....(1+sec 2" 0)

(tan 0) (1 + sec 20) (1 + sec 40) .... (1 + sec 2" 9)

(tan 20) (1 + sec 40) .... (1 + sec 2" ©) = (tan 40) (1 + sec 80) .... (1 + sec 2" 0)

s T 5 T T
4) and f5(128j an( 128) an(4j '
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